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On a class of stochastic partial differential equations 

Jian Song 

Abstract 

This paper concerns the stochastic partial differential equation with multiplicative 
noise ^ = Cu + uW^ where C is the generator of a symmetric Levy process A, W is a 
Gaussian noise and uW is understood both in the senses of Stratonovich and Skorohod. 
The Feynman-Kac type of representations for the solutions and the moments of the 
solutions are obtained, and the Holder continuity of the solutions is also studied. As a 
byproduct, when 7(x) is a nonnegative and nonngetive-dehnite function, a sufficient and 
necessary condition for fg fg — s\~^°^{Xr — Xs)drds to be exponentially integrable 
is obtained. 


1 Introduction 


In |37], Walsh developed the theory of stochastic integrals with respect to martingale mea¬ 
sures and used it to study the stochastic partial differential equations (SPDEs) driven by 
space-time Gaussian white noise. Dalang in his seminal paper [15] extended the definition 
of Wash’s stochastic integral and applied it to solve SPDEs with Gaussian noise white in 
time and homogeneously colored in space (white-colored noise). Recently, the theories on 
SPDEs with white-colored noise have been extensively developed, and one can refer to, for 
instance, [m [la El EDI 135] and the references therein. For the SPDEs with white-colored 
noise, the methods used in the above-mentioned literature relies on the martingale structure 
of the noise, and hence cannot be applied to the case when the noise is colored in time. On 
the other hand, SPDEs driven by a Gaussian noise which is colored in time and (possibly) 
colored in space have attracted more and more attention. 

In the present article, we consider the following SPDE in 


du 

— = Cu + uW, f > 0, a; e M'’* 
at 

u{0,x) = uo{x), x e M'’*. 


( 1 . 1 ) 


In the above equation, C is the generator of a Levy process {Xt, t > 0}, uo{x) is a continuous 
and bounded function, and the noise LP is a (generalized) Gaussian random field independent 
of X with the covariance function given by 


E[W{t, x)W{s, y)] = \t- s|-^“7(x - y), 


( 1 . 2 ) 
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where /So £ ( 0 , 1 ) and 7 is a symmetric ,nonnegative and nonnegative-definite (generalized) 
fnnction. The prodnct uW in (II.ip is nnderstood either in the Stratonovich sense or in the 
Skorohod sense. Thronghont the paper, we assnme that X is a symmetric Levy process with 
characteristic exponent i.e., Eexp(z,^Xt) = exp(—tT(,^)). Note that the symmetry 

implies that T(,^) is a real-valned nonnegative fnnction. Fnrthermore, we assnme that X 
has transition fnnctions denoted by qt{x), which also entails that lim|^|^oo ^(0 = cxo by 
Riemann-Lebesgne lemma. 

When C = |A where A is the Laplacian operator, and W is colored in time and white in 
space, Hn and Nnalart |25| investigated the conditions to obtain a nniqne mild solntion for 
(11.ip in the Skorohod sense, and obtained the Feynman-Kac formnla for the moments of the 
solntion. When C = ^A, and hF is a fractional white noise with Hnrst parameters Hq G (|, 1) 
in time and {Hi ,..., Hd) G (|, 1)'^ in space, i.e., (do = 2 — 2 Hq and ^{x) = n^=i 
Hn et al. m obtained a Feynman-Kac formnla for a weak solntion nnder the condition 
> d + 1 for the SPDE in the Stratonovich sense. This resnlt was extended 
to the case C = —(—A)"/^ in Chen et al. [9]. A recent paper [ 2 lj by Hn et al. stndied (11.11) 
in both senses when C = |A and hF is a general Ganssian noise, obtained the Feynman- 
Kac formnlas for the solntions and the moments of the solntions, and investigated Holder 
continnity of the Feynman-Kac fnnctional and the intermittency of the solntions. 

There has been frnitfnl literatnre on (11.11) in the sense of Skorohod, especially when W 
is white in time. For instance, when C = ^A, (II.ip is the well-known parabolic Anderson 
model ([I]) and has been extensively investigated in, for example, [HI [71 [33]. Foondnn and 
Khoshnevisan [T8| 119] stndied the general nonlinear SPDEs. For SPDE (II.ip with space¬ 
time colored noise, the intermittency property of the solntion was investigated in mm 
when C = ^A, and in [5] when C = —(—A)“/^. 

The main pnrpose of the cnrrent paper is to stndy (II.ip in both senses of Stratonovich and 
Skorohod nnder the assnmptions Hypothesis (I) in Section 3 and Hypothesis (H) in Section 
5.1 respectively. Under Hypothesis (I), we will obtain Feynman-Kac type of representations 
for a mild solntion to (II.ip in the Stratonovich sense and for the moments of the solntion 
fTheorem 14.61 and Theorem 14.7p . Under Hypothesis (H), we will show that the mild solntion 
to (II.ip in the Skorohod sense exists nniqnely, and obtain the Feynman-Kac formnla for 
the moments of the solntion (Theorem 15.31 and Theorem 15.5p . Fnrthermore, nnder stronger 
conditions, we can get Holder continnity of the solntions in both senses (Theorem 14.111 and 
Theorem 15.9p . As a byprodnct, we show that Hypothesis (I) is a snfficient and necessary 
condition for the Hamiltonian /o* k ~ s\~^°'^{Xr — Xs)drds to be exponentially integrable 
(Proposition 13.21 and Theorem 13.3p . 

There are two key ingredients to prove the main resnlt Theorem 14.61 for the Stratonovich 
case. One is to obtain the exponential integrability of f* |r — s|“^° 7 (Xr — Xs)drds. When 
X is a Brownian motion, Le Gall’s moment method ([32]) was applied in [27] to get the 
exponential integrability, and when X is a symmetric a-stable process, the techniqnes from 
large deviation were employed in [9l [10]. However, in the cnrrent paper, we cannot apply 
directly either of the two approaches dne to the lacks of the self-similarity of the Levy 
process X and the homogeneity of the spatial kernel fnnction 7 (x). Instead, to get the desired 
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exponential integrability, we estimate the moments of |r — s| ^°'y{Xr — Xs)drds directly 
nsing Fonrier analysis inspired by m and the techniques for the computation of moments 
used in [26]. The other key ingredient is to justify that the Feynman-Kac representation 
(14.1 op is a mild solution to (11.ip in the sense of Dehnition 14.51 To this goal, we will apply 
the Malliavin calculus and follow the “standard” approach used in [271 |9l |24] . 

We get the existence of the solution to (II.ip in the Stratonovich sense by hnding its 
Feynman-Kac representation directly, while in this article we do not address its uniqueness 
which will be our future work. A possible “probabilistic” treatment that was used in [3] 
is to express the Duhamel solution as a sum of multiple Stratonovich integrals, and then 
investigate its relationship (the Hu-Meyer formula [28]) with the Wiener chaos expansion. 
Another approach is to consider (II.ip pathwisely as a “deterministic” equation. Hu et al. 
|24j obtained the existence and uniqueness of (II.ip in the Stratonovich sense when C = 
and hF is a general Gaussian noise, by linking it to a general pathwise equation for which the 
authors obtained the existence and uniqueness in the framework of weighted Besov spaces. 
For general SPDEs, one can refer to [g [mEH |22] for the rough path treatment. Recently, 
Deya [16] applied Hairer’s regularity structures theory ([23]) to investigate a nonlinear heat 
equation driven by a space-time fractional white noise. 

For (II.ip in the Skorohod sense, we obtain the existence and uniqueness result by studying 
the chaos expansion of the solution as has been done in |25| [5l[24]. We apply the approxima¬ 
tion method initiated in [25] to get the Feynman-Kac type of representation for the moments 
of the solution. One possibly can also obtain the representation by directly computing the 
expectations of the products of Wiener chaoses as in |12| . 

The rest of the paper is organized as follows. In Section |2l we recall some preliminaries on 
the Gaussian noise and Malliavin calculus. In Section |3l we provide a sufficient and necessary 
condition for the Hamiltonian |r — s|“^°7(Xr — Xs)drds to be exponentially integrable. 
In Section m the Feynman-Kac formula for a mild solution to (11.ip in the Stratonovich sense 
is obtained, the Feynman-Kac formula for the moments of the solution is provided, and the 
Holder continuity of the solution is studied. Finally, in Section [5l we obtain the existence 
and uniqueness of the mild solution in the Skorohod sense under some condition. End the 
Feynman-Kac formula for the moments, and investigate the Holder continuity of the solution. 


2 Preliminaries 

In this section, we introduce the stochastic integral with respect to the noise W and recall 
some material from Malliavin calculus which will be used. 

Let (M+ X M'^) be the space of smooth functions on M_|_ x with compact supports, 
and the Hilbert space l-L be the completion of (7^(1^+ x M'^) endowed with the inner product 

{V^,i’)n= / (p{s,x)i>{t,y)\t--y)dsdtdxdy, (2.1) 


3 

















where /So £ (0,1) and 7 is a symmetric, nonnegative and nonnegative-definite fnnction. Note 
that "H contains all measnrable fnnctions 0 satisfying 


{s,x)\\(l){t,y)\\t- s\ ^° 7 (a; 


y)dsdtdxdy < oc. 


In a complete probability space P), we define an isonormal Ganssian process (see, 

e-g-, |3^ Definition 1.1.1]) W = {W{h)^h G P} with the covariance fnnction given by 
W\W{ip)W{'ifj)] = In fhis paper, we will also nse the following stochastic integral to 

denote 

poo p 

W{i~p)\= / / ^p{s,x)W{ds,dx). 

Jo 

Denote the Schwartz space of rapidly decreasing fnnctions and let denote 

its dnal space of tempered distribntions. Let (p or P 75 be the Fonrier transform of G 
which can be defined as the following integral if 75 G 

^(0 = ■= [ e-^^'^ip{x)dx. 

Sr-* 

By the Bochner-Schwartz theorem (see, e.g.. Theorem 3 in Section 3.3, Chapter II in |20|L 
the spectral measure y of the process W defined by 

f 'y{x)^{x)dx =[ tp{^)y{dO, V(^g5(M'^) ( 2 . 2 ) 

Jr^ (27r)“ J^d 

exists and is positive and tempered (meaning that there exists p > 1 snch that /]gd(l + 
|^P)“^/i((i^) < 00 ). The inner prodnct in (12.11) now can be represented by: 

= 77 ^ / [ s\-^°y{d^)dsdt, Vv?,0 G G“(M+x M'^), (2.3) 

(27r)“' J^d 

where the Fonrier transform is with respect to the space variable only, and T is the complex 
conjngate of . 2 . 

Thronghont the paper, we assnnie that the symmetric covariance fnnction 7 ( 0 ;) possesses 
the following properties . 


( 1 ) 'y{x) is nonnegative and locally integrable. 

(2) Its Fonrier transform 7 (^) G iS'(M'^) is a measnrable fnnction which is nonnegative 
almost everywhere. 

( 3 ) 7(0;) is a continnons fnnctions mapping from to [ 0 , 00], where [ 0 , cxo] is the nsnal 
one-point compactification of [0, cxo). 

( 4 ) 7(0;) < cxo if and only if a: 7^ 0 OR 7 G L°°(M'^) and 7(0;) < 00 when a: 7^ 0 . 
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Note that the function 7 is a tempered distribution, and hence it is also locally integrable. 
Consequently, the spectral measure = 7(0*^^ is absolutely continuous with respect to 

the Lebesgue measure. The function 7 (x) with the above four properties covers a number 
of kernels such as the Riesz kernel \x\~^ with f3 G ( 0 , d), the Cauchy Kernel 
the Poisson kernel (|a;p + the Ornstein-Uhlenbeck kernel with a G ( 0 , 2 ], 

and the kernel of fractional white noise 11^=1 with f3j G ( 0 , 1), j = 1,..., d, where the 

generic constant c is a positive number. 

For Borel probability measures ui{dx) and V 2 {dx), the mutual energy between ui and 1/2 
in gauge 7 is dehnes as follows m) 


z/2) 


7 ( 0 ; - y)vi{dx)i' 2 {dy). 


When Vi = V 2 = v, we denote '■= T.y(z/, v) and it is called the '^-energy of the measure 

V. When both £^{vi) and £^{ 02 ) are hnite, by [STl Lemma 5.6, or Equation (5.37)], the 
following identity holds, 

[ [ - y)Mdx)v2{dy) =-^ [ 7(0-^^i(0‘^^2(0c^^> (2-4) 

Jud- Jud- (27r)“ JiRd 

where, for a Borel probability measure X{dx), := e~^^'^X(dx) is its Fourier trans¬ 

form. 

A function is called a kernel of positive type ([311 Dehnition 5.1]) if it satishes properties 
(1) and (2). For kernels of positive type, we have Parseval’s Formula and the maximum 
principle as stated in the following lemma. 

Lemma 2.1. Let g and f be kernels of positive type. Assume that g G Then if 

J^a 9 ix)fix)dx <00 or we have 

[ 9 {x)f{x)dx= [ giOfiOd^- (2.5) 

jRd jRd 


Furthermore, the following maximum principle holds, 


g{x + a)f{x)dx< / g{x)f{x)dx, / g{^ + v)f{0d^ < / diOfiOd^, (2.6) 


for all a, 7 G M'^. 

Proof. Without loss of generality, we assume J^ddiOfiOd^ < 00 . Let p{x) G C“(M'^) 
be a symmetric probability density function such that p{^) > 0 for all ^ G M'^. Denote 
Pe{x) = ^p(f ). Note that g G implies that ^ is continuous everywhere. Consequently, 

Pe* g converges to g in and almost everywhere, and p^*^ converges to ^ everywhere. For 
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any fixed a G 


g{x + a)f{x)dx = / \im{p^ * g)(x + a)f{x)dx 

: hod £->-0 


< lim / (pe * g){x + a)f{x)dx (Fatou’s lemma) 


£—^0 


= lim 

£—^0 


f (Parseval’s Formula) 


< lim / Pe(0^(0/(0'^^ = / (dominated convergence theorem). (2.7) 

£—>0 /lurf Imd 


In particular, we have 


g{x)f{x)dx < / giOfiOd^ < 


( 2 . 8 ) 


Therefore, in the same way of obtaining fl2.7p . we can show that, for any hxed g G M'^, 


9{^ + v)f{0d^< g{x)f{x)dx, 


(2.9) 


and especially we have. 


diOfiOd^ < / g{x)f{x)dx. 


( 2 . 10 ) 


Hence under the assumption J^ddiOfiOd^ < oo, the Parseval’s identity fl2.5l) follows from 
and fl2.10p . and the maximum principle (12.61) follows from (12.7p . (12.9p and (12.Sp . ■ 


This allows us to have the following result for the computation of E[ 7 (Xt)]. Recall that 
qt{x) is the transition density function of the Levy process X and = Eexp(i^Xt) = 
exp(-tT( 0 ). 

Lemma 2.2. If < oo orE['y{Xt)] < oo, we have 

E[7(^t)] = [ 'y{x)qt{x)dx = 

jRd, (27r)“' J^d 

and 

E[7(Xi + a)] <E[7(X0], VaGM'". 


Another consequence of Lemma [2.11 is the following property of the spectral measure fi. 
Lemma 2.3. For any bounded set A G 

sup /i([^ + z ^ A]) < oo. 
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Proof. Since A is bounded, there exists a positive constant C such that Ia{0 — ^6 xp(~l'CP) 
for all ^ G Therefore 

+ z e A]) = [ Ia{^ +z)fr{dO <C [ exp{-\^ + z\^)fr{dO < C [ exp(-|^p)/i(dO, 

jRd- jRd jRd- 

where the last step follows form Lemma [2.11 noting that exp(—6 is a kernel of 

positive type. Then the result follows from the fact that exp(—|^p)/i(d^) < oo. m 

Now we briefly recall some useful information in Malliavin calculus. The reader is referred 
to |34) for more details. Let D be the Malliavin derivative, which is an operator mapping 
from the Sobolev space C L^(r2) endowed with the norm||F||i _2 = + E[||Zi)F|||^] 

to L‘^{Q]'H). The divergence operator 6 is defined as the the dual operator of D by the 
duality E[F(5(n)] = E,[{DF,u)y] for all F G and u G in the domain of 6. Note 

that when u G 'H,5{u) = W{u), and that the operator 5 is also called the Skorohod integral 
since it coincides with the Skorohod integral in the case of Brownian motion. When F G 
and h & PL, we have 

6{Fh) = Fo6{h), (2.11) 

where o means the Wick product. For u in the domain of 6, we also denote 6{u) by 
J^^u{s,y)W^{ds,dy) in this article. The following two formulas will be used in the 
proofs. 

FW{h) = 6{Fh) + {DF, h)n, (2.12) 

for all F G and h G PL. 

E[FW{h)W{g)] = E[{D^F,h(E) g)n^^] +E[F]{h,g)n, (2.13) 

for all F G h G H,geH. 

The Wiener chaos expansion has been used in, e.g., 125111], to deal with (II.ip in the 
Skorohod sense. Here we recall some basic facts. Let F be a square integrable random 
variable measurable with respect to the a-algebra generated by W. Then F has the chaos 
expansion 

CX> 

F = E[F] + J2Fn, 

n=l 

where F„ belongs to the n-th Wiener chaos space ]H[„. Moreover, F„ = In{fn) for some 
fn G PL'^"', and the expansion is unique if we require that all /„’s are symmetric in its n 
variables. Here In '■ PL®^ —)■ EI^ is the multiple Wiener integral. We have the following 
isometry 

E[\InUn)?]=n\\\fn\\l^^., (2.14) 

where /„ is the symmetrization of /„. 
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3 On the exponential integrability 


In this section, we will show that Hypothesis (I) below is a sufficient and necessary condition 
such that for all A, t > 0 


E 


exp 



Xs)drds I 


< cxo. 


Hypothesis (I). The spectral measure jj, satisfies 

Remark 3.1. When C = —(—for a G (0,2] and x) is |a:| ^ with fd G (0, d) or 
11 ^=11I with fdj G (0,1),j = l,...,d, Hypothesis (I) is equivalent to (3 < a(l — /So); 
denoting (3 = (di + ■ ■ ■ + jdd- 


The following proposition shows that Hypothesis (I) is a necessary condition. 

Proposition 3.2. Hypothesis (I) is a sufficient and necessary condition such that 

E /" [ \r — s\~^°'y{Xr — Xs)drds < oo, forallt>0. (3.1) 

Jo Jo 


Proof. Since \['(^) goes to inhnity as |^| goes to inhnity. Hypothesis (I) implies e < 

cx) for all f > 0. Hence by Lemma [2.21 either Hypothesis (I) or inequality (13.ip holds. 



-^°E[7(A, 


A^)] drds 



and the result follows from Fubini’s theorem and Lemma [3.71 


e I'’ ^^'^^^'^fi{df)drds, 


The sufficiency is provided by the following theorem which is the main result in this section. 
Theorem 3.3. Let the measure jj. satisfy Hypothesis (I), then for all t,X > 0, 


E 


exp 



-^“7(A, - Xs)dsdr^ 


< oo. 


Remark 3.4. The above theorem, together with Proposition \3.^ actually declares the equiv¬ 
alence between the integrability and the exponential integrability of — s\~^°'^{Xr — 

Xs)dsdr. This result is surprising since, for a general nonnegative random variable, its in¬ 
tegrability does not imply its exponential integrability. The equivalence in our situation is 
mainly a consequence of the Markovian property of the Levy process X. A result in the same 
flavor for f{Bs)ds where B is a standard Brownian motion and f is a positive measurable 
function has been discovered by Khasminskii (see, e.g., Lemma 2.1]). 
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Proof. Note that |r — s| — Xs)dsdr = 2 /J" \r — s| — Xs)dsdr, and 

equivalently we will study the exponential integrability of \r — s\~^°^{Xj. — Xs)dsdr. 
Inspired by the method in the proof of [26l Theorem 1], we estimate the n-th moments as 
follows. 


( pt pr \ ^ f / ^ 

/ / \r-s\-^°-f{Xr-Xs)dsdr) = / E TT |r,-- s,|-S(^r-, - X, 

Jo Jo / j[0<s<r<t]’^ Vj=l 

=n\ [ E ( |rj - Sj\~^°-f{Xrj - X^.) j dsdr 

J [0<s<r<t]^r\[0<r\<r2---<rn<t] \j=l / 


dsdr 


<n\ / n I)] dsdr. 

J [0<s<r<t]"'n[0<ri<r2'"<r„<t] 


The last inequality, where rjj is the point in the set {rj_i, Sj+i,..., which is clos¬ 
est to rj from the left, holds since E [7(^rj = IE \j{Xrj — Xrij +— 

E \^[Xrj — J^r]j)\ by the independent increment property of X and Lemma 12.21 Note that 
dsdr actually means dsi... dsndri... drn in the above last three integrals. Throughout the 
article, we will take this kind of abuse of the notation for simpler exposition. 

Fix the points ri < • • • < r„, we can decompose the set [0 < s < r < f]" fl [0 < 
ri < r 2 • ■ • < < f] into (2n — 1)!! disjoint subsets depending on which interval the sjs are 

placed in. More precisely, si must be in (0, ri), while S 2 could be in (0, si), (si, ri) or (ri, r 2 ). 
Similarly, there are (2j — 1) choices to place Sj. Over each subset, we denote the integral by 


la'-— / n l^o'(j) ^o-7)-i| 

J [0<Zl<---<Z2n<t] j — i 




dz, 


where (T(i) < • • • < (T(„) are n distinct elements in the set {2, 3,..., 2n}. Hence 

ff 

'0 JO 


E 


|r — s| ^°'y{Xr — Xs)dsdr] 




< n\x 


sum of the (2?7, —1)!! terms of I'^s 


(3.2) 


Next, for fixed n, we will provide a uniform upper bound for all I'^s. Noting that Xz^^j) — 
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= ^^aO)-^aO)-i and letting yj = Zj - zj-i, we have 


L = 


[0<yi+y2-\ — \-y2n<t,0<yi,— ,y2n<t] »=! 




r 

<— 


n- J[0<cyi+y2-\ - \-yn<t,0<yi,--- ,yn<t] 


r 

n\ 


' [0<zi<---<z„<t] 






Y[ \zj - 

i=i 


Note that 


' \0<Zl<---<Zn<t\ 


n 

i=i 






'O? J’Sj'-d. 


JJ Sj ^°e 
j=i 


where 


= <j (si,..., Sn) e [0, oo)" : ^ Sj < t j> . 

i=i 


For hxed large iV, denote 
En = 


—and m^v = /i([|^| < N]). 


[|$|>V] (^(0)^ 

Thus, by (13.21) . (13.31) . (13.4p and Proposition 13.51 we have 

r — s\~^°^{Xr — Xs)dsdr] 


E 


t rt 


A 



0 Jo 


(2n - l)!!A”i” (”] [A„£„]“-‘ 

k=0 ^ ^ 


r(A^(i - /?„) +1) 


(3,3) 


(3.4) 


(3,5) 


(3.6) 


(3.7) 


Now, for fixed t and A, we can choose N sufficiently large such that d^oAteAr < 1. Conse- 
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quently, 


E 


exp ( A 


t rt 



\r — s| — Xs)dsdr 


0 ^0 


< 




(2n - 1)!! fn\ (r(l - (3o)t^-^°y 


n\ 




n=0 fc=0 

CO /-n /-I /I \ , 1 


! r(k(l-/3o) + l) 


■m% [AoEn] 


n—k 


E 


r(fc(i -/3o) + 1 ) 


■m 


N 


[AqEn] ^ ^ A^ 


{2n — 1)U fn 


n=k 

oo 




n\ \k 


[Ao^at]' 


fe =0 


n=k 


oo 


{Tjl - 

1 — AXA^tEisf r(^(i — Po) + 1) 


E 


(4Atm7v)^” < oo, 


(2n—V^(n\ ^ r\n 


where in the second inequality we used the estimate 
concluded. 


) < 2^ • 2” = 4^. The proof 


IS 


The following proposition, which plays a key role in this article, is a generalized version 
of Lemma 3.3 in [24] . 

Proposition 3.5. For (do G [0,1), assume 


-/i(dO < oo- 


Then there exists a positive constant Aq depending on (do only such that for all N > 0, 




n 




^Kd0dr<J2[j^) 

L,_n V / 


nA (r(i-/3o)t'-^°)' 


r(h(i -/3o) + 1 ) 


■m 




[Ao^at] 


n—k 


j=l ^=0 

where En and tun are given by L3.6\) . and flf is given by L3.5\) . 


Proof. The proof essentially follows the approach used in the proof of [241 Lemma 3.3]. 
First note that the assumption implies that lim e^ = 0, and since fj.{d^) is a tempered 

N^OO 

measure, then tun < oo for all iV > 0. For a subset S of {l,2,...,n}, we denote its 
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complement by S'^, i.e., := {1, 2,, n}\S. 


/r"'^ Jq" 




n 


^7^0g-rj'I'Kj) 


/ r "'^ Jnf 


< 


[^[|«il<Af] + ^[|«il>Af]] dr^{dCj 

;i,2,...,n} dnf j^gc 

~'R‘^ ■''Of „v-cc 


5c{l,2,...,n}'^^ l€S 

Note that 12” C x where Qj = {(ri,i G I) : r^ > 0,J2jei'^i — 0 ^ 

{1,2,..., n}. Therefore, 


/R'l'* Jfl" 


S E 

Sc{l,2,...,n} 




7of xof 


j€S‘^ 


By Lemma [3. 101 we have 


1(ZS 


r, ^°dr 


.l-/3ntl^l 


(r(i-/3o)t'-/^°) 


r(|^|(i-/ 3 o) + i)- 

On the other hand, there exists Aq > 0 depending on /3o only such that 

[ TT 'f'~^°e~^^^^^^'^dr < f IT r~^°e~'^^^^^^'^dr 

JJ f < JJ Aoi^iQY 

^^acJO j^gc 


\-l+/3o 


j&S^ 


where the last equality holds since J^r ^°e '^'^dr = a Jq* s ^°e ^ds<a s ^°e ^ds. 
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Therefore, 




<- E 

Sc{l,2,...,n} 


E 


Sc{l,2,..,n} 


r {T{i - 

jT^nd r(|S'|(l — (3o) + 1) 

(r(i-/3o)t'-/^°)"" 
Ti\S\{l-f3o) + l) 




zeS 


i65= 


a\s^\ \s\ \s^\ 

V-^Q fcjy 


l-/3o 


)' 


) .n-k k n-k 

SUj V-w+i? " ’ 


and the proof is concluded. 

Remark 3.6. If we assume the following stronger condition, 

for some Sq G (0,1 — /So), we may prove that for all \,t > 0 


E 


A exp 


t rt 



\r — s| ^°^{Xr — Xs)dsdr 


0 JQ 


< oo, when p < 


1 — ^0 ’ 


(3,8) 


without involving Proposition \3.5[ An outline of the proof is as follows. 

Now we estimate the integral over in the last term of US. 3\) first. By US. 3\) and Lemma 
\3.tA there exists C > 0 depending only on 1 — (3^ — Eq and p.{d^), such that 


fn 

la < 

nl 


' [0<Zl<Z2---<Zn<t] j — l j — l 

Denote r = (ri,..., r„) and |r| = D- Then 


Yl\Zj-Zj-i\ ^°Yl[l + {Zj-Zj-i) 


n[l + {Zj - Zj-i) YliZj - Zj-1, 

j=i Te{o,i}'‘ j=i 


Tji—i+yo+co) — E ^-EE-^^ 

tG{ 0,1}^ m=0 \T\=7n 


When |r| = m and t > 1, by Lemma \3. 1 (A we have 

f "■ /^n 4 .meo+{n-m){l-go) 

/ n ~ Zj_i\~^° Jrdz < 777 — 

J [0<Zl<Z2---<Zn<t\ 

noting that Eq < 1 — (Iq. 


^n^n(l-/ 3 o) 

r(m£o + (n - m)(l - /So) + 1) “ r(n£o + 1) ’ 


< 
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Note that there are (^) Jr’s for |r| = m, and hence 

M2-Po) 
> ^ 


+n{2-M " /^\ I 

h < El 

^0 Vmy 


n! 


r(n£o + 1) 


< C" 


n! 


(n + 1)2^ 


(? 7 ,£o/ 3 )”^o’ 


where in the last step we use the properties (^) < 2” and r(x + 1) > (x/3)^. 
Combining O.^l) and we dave, /or all X > 0 and t > 0, 


E 


t rt 



0 ao 


— s| ^°'y{Xr — Xs)dsdrj 




where C > 0 depends on /So,£o CL^d p{d^), and then L3.8\) follows. 


(3.9) 


In the rest of this section are some usefnl lemmas. 

Lemma 3.7. There exist positive constants Ci and C 2 depending on /Sq only such that 

- - -—r [ s~^°e~^ds < [ s~^°e~^^ds < - - \ „ (Ci + C2t^~^°), Vx > 0. 

1 + X^-PO Jq Jq 1 + X^-PO 

Similarly, there exist positive constants Di and D 2 depending on Pq only such that 


- ^ [ f r ^°e ^drds < [ f |r—s| ^°e ^^^drds < - „ {Dit+D 2 t^ 'ix > 0. 

l + x^-hoJ^J^ - Jo Jo ' -1 + xi-do^ 

Proof. A change of variable implies that 


rt ptx 

/ s~^°e~^^ds = x^°~^ / r~^°e~^dr. 

Jo Jo 

The first inequality is a consequence of the following observation. When x > 1, 

rt rtx roo 

xho-^ / r~^°e~^dr < x^°~^ / r~^°e~^dr < x^°~^ / r~^°e~^dr, 

Jo Jo Jo 

and when 0 < a: < 1, 

[ s-^°e-^ds< [ s-^°e-^^ds< [ s-^°ds. 

Jo Jo Jo 

The second estimate follows from the hrst one and the following equality 

rt rt rt rr rt rr 

/ / |r= 2 / / (r - s)-^°e-^^^-^^dsdr = 2 / / s-^°e-^^dsdr. 

Jo Jo Jo Jo Jo Jo 
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Remark 3.8. Using similar approach in the above proof, we can show that the two inequal¬ 
ities hold for 

sup [ and sup [ [ |r - 

aSK Jo aeK Jo Jo 

as well. It suffices to show that the upper bounds hold. We prove the first one as an illustra¬ 
tion. When 0 < X < 1, 

[ < [ s-^°ds-, 

Jo Jo 

when X > 1, 

POO 

Jo Jo 

where 

f*OQ f*\ /*00 pi poo 

C = sup / < / s-^°rfs+sup / < / s-^°ds+ / e-^^^ds < oo, 

q-GIK. Jq Jq aGM J \ JQ J — oo 

and the upper bound is obtained. 

Lemma 3.9. Suppose 

for some a > 0, then there exists a constant C* > 0 depending on fJ.{d^) and a only, such 
that 

f e-^^^^^fv{dO < C{1 + X-"), Vx > 0. 


Proof. Since lim|^|^oo ^(0 = oO) can choose M > 0 such that > 1 when |,^| > M. 
Clearly 

jR‘i Jm<M\] Jl\i\>M] 

The hrst integral on the right-hand side is bounded by < M]) which is hnite. For the 

second integral, note that y°‘e~'^ is uniformly bounded for all y > 0, and hence there exists 
a constant C depending on a only such that 

[ <C [ x-“(<I>(0)->(<i0 < X-" [ - 

Jm\>M] dm>M] J[\i\>M] ^ 

Lemma 3.10. Suppose G (—1,1), i = 1,..., n and let a = ai + ■■■ + an. Then 

/ — ''"i-i) dri... drn = " h -^-, 

J [0<ri<-<rn<t] r(a-F?7,-Fl) 

where r(x) = U~^e~^dt is the Gamma function. 


Proof. The result follows from a direct computation of the iterated integral with respect to 
fm^n-i, ■ ■ ■ ,ri orderly. The properties r(x -|- 1) = xr(x) and B{x,y) = are used in 

the computation, where B{x,y) := — ty~^dt for x, y > 0 is the beta function. ■ 
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4 Stratonovich equation 


In this section, we will use the approximation method ( |27l [9l [23]) to study fll.ip in the 
Stratonovich sense. 


4.1 Definition of ^o(^^-r - v)^{dr, dy) 


Denote gs{t) := |/[o, 5 ](^) for t > 0 and Pe{x) = ^p(f) for x G where p{x) G is 

a symmetric probability density function and its Fourier transform p{^) > 0 for all ^ G 
We also have that for all ^ G lim£^.o+Pe(0 = 1- 

Let ^ 

y) ■= [ gsd -s- r)pdX^ - y)ds ■ I[Q,t\{r). (4.1) 

Jo 

Formal computations suggest that 

lim [ [ ^ 

£,54.0 Jq J^d 

where So{x) is the Dirac delta function. This formal derivation is validated by the following 
theorem. 

Theorem 4.1. Let the measure y satisfy Hypothesis (I), then lF(<F^’f) is well-defined a.s. 
and forms a Cauchy sequence in when (e, 5) —?■ 0 with the limit denoted by 


t.X 


[r,y)W{dr,dy) = 



0 Jk.'^ 


UXt-r-y)W(dr,dy), 





0 -'R'' 


5o{Xf_,-y)W{dr,dy). 


Furthermore, lF((5o(Wf_. — •)/[o,*](■)) *■5 Gaussian distributed conditional on X with variance 


Var [W(So(Xl. - ■)/|o,,|(-))|V] = 


t nt 



\r — s\ ^°y{Xr — Xs)dsdr. 


(4.2) 


0 JO 


Proof. Let e,, 5*, i = 1,2 be positive numbers, then by (12.ip 

- vOPeJx;, - vMvi - y2) 

./[0,t]4 jR2rf 

gsfit - Si - rfigsfit - S 2 - r 2 )|ri - r 2 |“^°ci|/i(i 2 / 2 dri(ir 2 cisicis 2 . (4.3) 


Hence 

By m Lemma A.3], there exists a positive constant C depending on (Jq only, such that 



gsfit - Si - ri)gsfit 


S2 - r2)\ri - r2\ ^°dridr2 < C|si - S2 


(4.4) 
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Therefore, 


<l.g*)„ <C f [ - Vi)p„{Xl^ - 92)|si - s^l-^-dy.dy^dsids, 

J[0,t]2 jR 2 d 

= 7^ / / ^ (P'. W. - ■)) (OX(p.Ax;, - ■)) K)|si - ii2|-'’v(<«)<;si*2 

= / / P£i( 0 P£ 2 ( 0 exp(-i^-(X,J-X,J)|si-S 2 r^V(c^ 0 c^SiC^S 2 

(27r) j[o,t]2 jRrf 

< C(ei,£2) / |si — S2|~^°(isi(is2 < cxo. ( 4 . 5 ) 

i[0,t]2 

The second equality above holds because T (0(- — a)) (.^) = exp(—ia • 00(0- Note also that 
<^(£ 1 , 62 ) = \^dVeAi)VeM)^^^i) < I^dMOWPellMdO = I^d PeAxhix)^^ < Heuce, 
for £,(5 > 0 , G H a.s. and hT(*ht)f) is well-dehned a.s.. 

Now we show that hT(<hj’f) forms a Cauchy sequence in when (£,5) 0, for which 

it suffices to show that converges as (ei,(5i) and { 82 , 62 } tend to zero. By 

the formula fl2.3p for the inner product using Fourier transforms, 

[ [ T (p..(Vf. - .)) (0X{p.,iX7^ - ■)) (?) 

gsi{t - Si - ri)gs^{t - S2- r2)\ri - r2\~^°fi{d^)dridr2dsids2 

/ / P£i(0P£2(0 exp((X,, 

2[0,t]4 jRd. 

95i{t — Si - ri)gs 2 {t — S 2 - r 2 )\ri — r2|“^°p(d0^^i^^2dsids2. 


By Fubini’s theorem and thanks to (14.4p and Proposition 13.21 we can apply the dominated 
convergence theorem and get that 

/ / Eexp • (X,, - X,J) |si - 82 ]-^°fx{d 0 dsids 2 

2 [ 0 ,t ]2 jRd 

= [ \si - S 2 \~^°E'y{Xs^ - Xsi)dsids 2 (4.6) 

2[0,t]2 

as (ei,5i) and { 82 , 62 } go to zero. 

Finally, conditional on X, hF(<F^’f) is Gaussian and hence the limit (in probability) 
fF((5o(X*_. — •)) is also Gaussian. To show the formula (14.2p for conditional variance, it 
suffices to show that 


(4'; 


€,5 

X 5 


^ti)n 


'[ 0 ,t ]2 


|si - S2I ^°j{Xs^ - Xs^}dsids2 


(4.7) 
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in L^(f2) as {e,6) —)■ 0. Noting that, by Lemma [4.21 the inside integral in fl4.3j) 




Psi^s, - yi)Pe{K 2 - 2 / 2 ) 7(|/1 - 2 / 2 ) 

gs{t - Si - ri)gs{t - S 2 - r2)|ri - r 2 \~^°dyidy 2 dridr 2 


converges to |si — S 2 |“^° 7 (^<ji “ ^^ 2 ) to zero, because of fl4.6p we can 

apply Scheffe’s lemma to get that the convergence is also in L^{Q x [0,t]^,P x m) where m 
is the Lebesgue measure on Consequently it follows that the convergence 04.71) holds 

in m 

Lemma 4.2. When a — b ^ 0, 


lini / ps{a - yi)ps{b - y 2 h{yi - y 2 )dyidy 2 = 7(0 - b). 

lm>2d 


Proof. The change of variables xi =yi-y 2 ,X 2 = 2/2 implies that Jjg 2 dPe{a-yi)Pe{b-y 2 )'y{yi- 
y2)dyidy2 = fj^dPe(a - xi - X2)pe(b - X2)'y(xi)dxidx2 = fj^^diPe * P6)(a -b- xi)'y(xi)dxi = 
fj^d -(p * p)( ^ ^ )^{x)dx. Since the convolution p * p is also a smooth probability density 

function with compact support, it suffices to prove the following result. ■ 

Lemma 4.3. Let fe{x) = where f G is a symmetric probability density 

function. Then we have 


lim / f^{a — x)'y{x)dx = ■y{a), Va 7 ^ 0. 
J^d 


Proof. Suppose that the support of the function / is inside [—M, M]. Let the positive number 
s be sufficiently small such that 7 (x) is continuous on [a — Me, a + Me]. By the mean value 
theorem, we have 



x)j{x)dx 


[a—Me,a-\-Me] 


feic 


x)j{x)dx 


= 7(ae) 


[a—Me^a+Ms] 


fsia 


x)dx 


7(a£), 


where G [a — Me, a + Me]. The result follows if we let e go to zero. 


4.2 Feynman-Kac formula 

For positive numbers £ and <5, dehne 

W^’\t,x) := [ [ gs{t - s)p,{x-y)W{ds,dy) = W{(j)l]^^), (4.8) 

Jo 
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where 


(pt'xis, y) = gi{t - s)pe{x - y) ■ /[o,t](s). 

Then exists in the classical sense and it is an approximation of W{t,x). Taking 

advantage of x), we can dehne the integral v(t, x)W(dt, dx) in the Stratonovich 

sense as follows. 

Definition 4.4. Suppose that v = {v{t,x),t > 0,a; G is a random field satisfying 


>0 JR'i 


\v{t,x)\dxdt < oo, a.s., 


and that the limit in probability lim v(t, x)W‘^’^(t, x)dxdt exists. The we denote the 

limit by 

/ / v(t,x)W{dt,dx) := lim / / v(t,x)W‘^’^(t,x)dxdt. 


6,54,0 Jq J^d 


and call it Stratonovich integral. 


Let iFt be the a-algebra generated by {hT(s,a;),0 < s < t,x E and we say that a 
random held {F{t, x),t > 0,x E is adapted if {F{t, x), t > 0} is adapted to the hltration 
{Ft}t>o for all x E Denote the convolntion between the fnnction qt and / by Qtf, i-e., 

Qtf{x):=[ qt{x-y)f{y)dy. 

jRd- 


A mild solntion to (11 .Ij) in the Stratonovich sense is dehned as follows. 

Definition 4.5. An adapted random field u = {u{t^x)fi > 0,a: G is a mild solution to 
D. j|) with initial condition uq E Cb{^'^), if for all t > 0 and x E 'Mfi the following integral 
equation holds 


u{t,x) = QtUo{x) + 



qt-six - y)u{s,y)W{ds,dy), 


where the stochastic integral is in the Stratonovich sense of Definition \4.4 


(4.9) 


The following theorem is the main resnlt in this section. 

Theorem 4.6. Let the measure p satisfy Hypothesis (I). Then 

uo{Xf) exp j^ - y)W{dr, dy)^ 

is well-defined and it is a mild solution to U.l]) in the Stratonovich sense. 


u{t, x) = 


(4.10) 
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Proof. Consider the following approximation of (II.ip 

J x) = x) + x)W^’^{t, x), 

I x) = Uo(x). 


(4.11) 


By the classical Feynman-Kac formnla, 


x) = E 


X 


Mo(^r)exp( / W^’^(r,Xt%)dr 


= 


uo(Xnexp(W(^t; 


where <l>ff is dehned in (14.ip and the last eqnality follows from the stochastic Fnbini’s 
theorem, is a mild solntion to (14.lip , i.e., 



u‘-‘(t,x)^Q,Uii{x)+ / q,_,(x - y)u‘-‘(s,y)W‘-‘(s,y)d3dy. 


(4.12) 


To prove the resnlt, it snffices to show that as {e, 6) tends to zero, both sides of (I4.12p 
converge respectively in probability to those of (14.91) with u{t,x) given in (l4.1Up . We split 
the proof in two steps for easier interpretation. 

Step 1. First, we show that u^'^(t,x) — )■ u(t,x) in for all p > 1. By Theorem 14.11 as 
{s,6) —0, hF(<hj’f) converges to W{5o{Xf_, — ■)I[o,t]{-)) in probability, and hence it snffices 
to show that 

snp snp E[|n^’‘^(f, x)|^] < cxo. 
e,<5>0 te[0,r],xGK‘' 

Note that W (4*^) is Ganssian conditional on X, and hence 


E 


exp 




E 


exp 




By (12.3p and (14.4p . in a similar way of proving (14.Sp . we can show that there exists a positive 
constant C depending on only snch that 


mi 


\n<C 


'[0,t]2 jRd- 


(R(O)^exp(-i^ • 


Therefore, 


Xs))|r —s| ^°jj.{d^)drds. 


« « n n 

Ell|4hll«”l <C” / / 

n n 

i=i i=i 

P P n n n 

<C" / / Eexp(-z ■ {Xrj - X,^)) JJ \rj - JJ fi{dQdrjdsj 


=E 


t pt 


cl \r — s\ ^°'y{Xr — Xs)drds 


0 JO 


20 



























The second inequality above holds because supggK'iPe(0 < 1 lEexp(—z • (X^^. — 

X^^.)) is a positive real number. Thus there is constant C > 0 depending only on /3o such 
that 


sup sup E 

e,5>0 tG[0,T],xeM‘^ 


exp 




< E 


exp 



Xs)drds^ 




where the term on the right-hand side is hnite by Theorem 13.31 
Step 2. Now by Dehnition 14.41 it suffices to show that 

j£,<5 / f q^_^[x-y){u^'\s,y)-u{s,y))W^’\s,y)dsdy 

Jo JRd. 

converges in to zero. Denoting = u^’^(^s,y) — u{s,y) and noting that W^’^{s,y) = 
W{(j)l'y) we have 


E[(T 


ed',2] _ 


'[0,t]2 jR2d 


qt-s^{x-yi)qt-s2{x-y2)^ [ 


51 ,yi *^ 52 , 2/2 


^ dyidy2dsids2. 


Use the following notations V;"^(X) = /J lU"d(r, Xf_Jdr = lU($";f(X)), U,^(X) = 
4, ho(Xf_, - y)W{dr, dy) = W{5o{Xf_. - •)/[o,](-)), and 


A^'\si,yi,S 2 ,y 2 ) = Wuo{Xl. + y^) ^exp (y^fy.{X^)J - exp (U,.,y^.(X^)) 
i=i 

where X^ and X^ are two independent copies of X. Then 

By the integration by parts formula (I2.13p . 

E«' Si, y2)W(4,i‘JW(4,%‘^J] 

and hence we have 

E = E|-4'''(si.9i. S2,92)B''‘(si, !/i, S2, y2)]+mf,,,vt,MX‘^lL)n’ 

where 


91 , 52 , 92 ) 


j,k=l 


5(X4,_. + y, - Vio,s,]{-))n{4>lty.^ ) “ V[o,sd-))n- 
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Therefore, 


with the notations 


E[(r’'5)2] = r/ + r/, 


r/ = 


< 


ho,t]2 jjgid 


qt-s^{x - yi)qt-s 2 {x - 2 / 2 )IE[A^’‘’(si, 1 / 1 , S 2 , |/ 2 ) 5 ''’^(si, |/i, S 2 , y 2 )]dyidy 2 dsids 2 


'[ 0 ,t ]2 jR 2 d 


qt-s^x - yi)qt-s2{x - y2) 


(E[(A=’'^(si, 1/1, S2, 1/2))^]) (E[( 5 ^’^(si, 2/1, S2, y2)f]) dyidy2dsids2 


2 ^ 1/2 


and 


J"/ = 


< 


'[ 0 ,t ]2 jR 2 d 


gt-.i(x - - |/2)E[<’^ )^d|/id|/2dsids2 


- |/i)gt_,2(a: - 1 / 2 ) 0^^y2)wc?2/iC?2/2C^Sicis2. 


'[ 0 ,t ]2 jR 2 d 


Now the problem is reduced to show that both Ji’"^ and converge to zero as (e, 5) 0. 

By the result in Step 1, we have 


lim EKOI = 0 , 

£, 54.0 


and similar arguments imply that 


lim E|(AJ')=] = 0 , 

£,5i0 

for all (s,|/) G [0,T]xM'^. Also note that both sup sup E[(nf’^)^] and sup sup E[(A^’^)^] 

£,(S>0 (s,y)G[0,T]xR<* ’ e,5>0 (s,y)e[0,T]xR'^ 

are hnite. The fact that lim = 0 can be proven by by the dominated convergence theo- 

£,5i0 

rem, noting that Lemma 14.81 implies 

sup sup sup E[( 5 ^’'^(si,|/i,S 2 ,|/ 2 ))^] < 00 . 

£,<5>0 (si,yi)G[0,T]xR'i (s2,J/2)6[0,r]xR'^ 


Now we show lim = 0. By fl2.3p and fl4.4p . we have 
£, 54.0 


(0 


e,S 

si,yi 


4>ltv2)'H ^ C'|si - S2 


l-Po 


exp ■ {yi - 1 / 2 )) {MOf f^idO, 


therefore. 





qt-siix - yi)qt-s2{x - y2)K^'\si,yi, S2,y2)\si - S 2 I dyidy2dsids2 
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where 


K^'\si,yi,S2,y2) ■= / exp(-i^ • (|/i - 1/2)) (R(O)V(c^O 


Denote 


Hence 


<C / exp(-z^ • ( 2/1 - 2 / 2 )) (R(0)^ 


:= / exp(-i^ • (1/1 - 1/2)) (Pe( 0 )^ /^(c^O- 


A^^’^(Si,2/i,S2,2/2) <CL 


e 

S1,52‘ 


For the integral of we have 





Qt- 


-siix - 2 /i)gt_^ 2 (a; - y2)Ll \si - S 2 I ^°dyidy2dsids 


10 JO 



'0 ^0 





£—^0 


'0 JO 



/ qt-slix - yi)qt-s2{x - y2)exp{-i^ ■ {yi - 1 / 2 )) 

{PeiOf ki - S2\~^°p{d^)dyidy2dsids2 
exp (-(t - Si)^(O) exp (-(t - S 2 )^( 0 ) (^(0)^ ki - S 2 \~'^°fi{d^)dsids 2 

exp (-(t - si)\l>(^)) exp (-(t - S2)^(0) ki - S 2 \~^°fi{d^)dsids 2 


>0 Jo 



dt 


-sjx - yi)qt-s2(,x - y2)^{yi - y2 )\si - S2\ ^°dyidy2dsids2W, (4.13) 


'0 JO 


where the convergence follows from the dominated convergence theorem, the last eqnality 
follows from the formula (12.4p . and the last term is hnite by Lemma [3.71 

We have shown that K^’^{si,yi, S 2 ,y 2 ) which converges to zero almost everywhere, is 
bounded by the sequence which converges to 7 ( 1/1 — 1 / 2 ), and thanks to (I4.13jl . we can 

apply the generalized dominated convergence theorem to get that lim = 0 . ■ 

e,i510 


Using Theorem 14.61 by direct computation we can get the following Feynman-Kac type 
of representation for the moments of the solution to fll.ip . 


Theorem 4.7. Let /i satisfy Hypothesis (I), then the solution given by has finite 

moments of all orders. Furthermore, for any positive integer p, 


E[u{t,xy] = E 


Wuo{Xl +x)expi-J2 / k - 

L=i Vj,k=iJo Jo 


- X^)drds 


, (4.14) 


where Xi,, Xp are p independent copies of X. 
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In the proof of Theorem 14.61 the following result is used in order to apply the dominated 
convergence theorem. 

Lemma 4.8. Let the measure /i satisfy Hypothesis (I). Then, for any n eN, 


sup sup sup sup E 

e,<5>0e',<5'>0 {s,y)e[0,T]xR‘^ (r,2)G[0,T]xR^ 




n 


< oo, 


and 


sup sup sup E - •)J[o,r](-))w)T < oo. 

e,<5>0 (s,y)G[0,T]xR'^ (r,2)G[0,T]xR'* 


Proof. First of all, ^r[f i^))H is a nonnegative real number by (12.ip . and by (12.3h 







'0 JO Jo 


PeiOPe'iO exp(-i^ • {Xf - y))g 5 '{r - fr - r) 

I 

gs{s — z/)|/i — ij,{f^)dTdg.di'. 


Therefore, denoting D = [0,r] x [0, s] x [0,r], as in the first step of the proof for Theorem 
14.61 we have 


E 




{€iPf(X))n 

P n 

/ ~ p)9s{s - 


j = ^ 

n 




i=i 


exp -i^ij ■ {K^-y) 


i=i 


fi{df)dTdfidn 


„ „ n / I ' ^ 

<C"/ / J^lr-s-r^l-'Vxp 

7[o,r]" Jm-^d \ z 


j= 

n 




n 


r — s — Ti 


-/ 3 oE 


'[0,r]" JR"'* ■ ^ 


i=i 

n 

exp 1 -i ^ 
i=i 


E 


exp I -i ij ■ (x;^ - y) 
i=i 


fi{df)dT 


fi{d^)dT. 
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Thus, we have, denoting rjj = + • • • + 


E 


<C^n\ 


=C'^n\ 


=C'^n\ 


<C'^n\ 


'liKfiX))n 


hO<n<---<T'n<?’] 


hO<ri<---<T„<r’] 


n 

j=i 

n 

n 


r — s — Ti 


exp -i 


i=i 


fi{d^)dT 


r — s — r. 


,-|-^°E 


exp 1 -i Y Vj ■ (^r, - Xrj_,] 
i=i 


^{d^)dT (let To = 0) 


I[0<Tl<---<Tn<r] JK^-d 


-/3o, 


r — s — Tj\ exp 


I KdOdr 


i=i 


J [0<ri<---<T„<r] 

=:C^n\Un{r, s) 

When s — r > 0, for all 0 < r < s < T, 

Un{r,s) < [ 


P n / n \ 

/ n + (s - r-)|"^°exp I - V(rj - ) fi{d^)dT (by LemmalHD 

\ i=i / 


'[0<ri<---<rn<r] 


^°exp 


I f^{d^)dT 


i=i 




< 


'[0<Ti<---<r„<r] 


n 


- 'T-il exp ( - - 'O-i)^(^j) ) f^idOd 

j=i 


r. 




By Proposition 13.51 Un{r, s) is uniformly bounded by a hnite number depending on (T, n, /3o) 
and the measure jj, only. 

When r — s > 0, the set [0 < ri < • • • < < r] is the union of A'^s for fc = 0,1, 2,..., n 
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where = [0 = tq < ri < • • • < < r — s < Tk+i < ■ ■ ■ < Tn < r]. On each Ak, we have 

JAk \ J 



J = 
k 


J=i- 

k 


Au 


Y[{r -s- Tj) exp - - rj_i)^(^j) 


i=i 


(Tfc+i - (r - s)) exp (-(Tfc+i - {r - s) + {r - s) - Tk)^{Q) 

n / n \ 

n exp ( - ^ {Tj - Tj-i)^{Q ) fiid^dT 


j=k+2 


j=k+2 


< 


JAjR-^i-^^ V j=l J 

(Tfc+i - (r - s))-^° exp (-(Tfc+i - (r - s))^{^k+i)) 

n / n \ 

n exp ( - {Tj - Tj-i)^{Q ) fi{d^)di 


j=k+2 


j=k+2 




hO<Tl<---<Ti:<1-s] 


„ fc / ^ \ 

V ft y 


X 




n ®^p “ s))^fe+i)) 


exp ( - Y “ '0-i)^fe) I KdOdr 

j=k+2 


=:Mi{s,r) X M 2 {s,r). 
By Lemma [3.91 we have 


sup Mi(s, r) < sup / n(^ “ ^ + (^i - rj_i)-^+^°)dT 

0<s<r<T 0<s<r<T J[0<Ti<---<T/,<r-s] 

< OO. 

For M 2 {s,r), let 6j = Tj — {r — s),j = k + 1,... ,n, and assume 9k = 0, then for all 
0 < s < r < T, 


M2{s,r) = 


'[o<efc+i<---<en<d 


n ^7^° exp 


{9,-9,_,)^{Q]fi{dOd9 


j=k+l 


< 


'[0<9k+i<-<e„<T] 


P n 

/ n ("j - 

J]R(n-fc)d 


,_i)-^“exp 


j=k+l 




Y {9,-ej_,)^{^,)U{dOdO, 

j=k+l / 


26 


and the last integral is bounded by a finite number depending on (n — /c, T, /So) and /i by 
Proposition 13.51 

Thus we have shown that when r — s > 0, Un{r, s) < oo, and the first in¬ 
equality is obtained. Finally, since converges to {(j)f y, — •)/[o^q(-))^ 

in probability as {e', 6') —?■ 0, the second the inequality follows from the first one and Fatou’s 
lemma. ■ 


In the proofs of the previous lemma, Theorem 15.31 and Theorem 15.91 the following maxi¬ 
mum principle is needed. 

Lemma 4.9. For any t > 0 and a E M'^, 


exp(-fT(^ -F a))/i(ciO < 


exp(-fT(0)/i(d0- 


Proof. The result follows directly from Lemma [2.11 


4.3 Holder continuity 

Hypothesis (SI). The spectral measure p satisfies that for all z E there exist ai E (0,1] 
and (7 > 0 such that 


'0 Jo 


\r - (1 - pi{dfi)drds < C'|z| 2 “L 


Hypothesis (Tl). The spectral measure p satisfies that for all a in a hounded subset o/M, 
there exist 02 ^ (0,1] and (7 > 0 such that 


|-/3o 


'0 Jo 


exp 




exp 


|r - s + a|T(0) 


pi{dfi)drds < C\a\ 


Remark 4.10. A sufficient condition for Hypothesis (SI) to hold is the following 

/ -;— „ ^ 


(4.15) 


due to Lemma WTA and the fact that 1 — cosx < |xp“L Note that ai <1 — is a necessary 
condition for to hold. This is because fi{A) < 00 for any hounded set A C 




= 7 ( 0 ) = 00 , hmg^oo ^(0 = 00 and limsupn^n^^ < 00 . 
Similarly, a sufficient condition for Hypothesis (Tl) to he true is that 


(^( 0 ) 


a2 


(^( 0 )^ 


T^TidO < 00 


(4.16) 


because of Remark \ 3. 81 and the fact that \e~^ — e“^| < (e“* -|- e“^)|x — yfi for x,y > 0 and 
a E (0,1]. Indeed for a > 0, e“ — 1 < (e“ -f- l)(a A 1), and hence e“ — 1 < (e“ -1- l)a“ for 
a E (0,1]. One necessary condition for to hold is a 2 < I — fio. 
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Theorem 4.11. Let uo{x) = 1 . If the measure fi satisfies Hypothesis (SI), then the solution 
u{t,x) given by the Feynman-Kac formula has a version that is 9i-Hdlder continuous 

in X on any compact set of [ 0 , cxd) x with 6 i < ai; Similarly, if pi satisfies Hypothesis 
(Tl), the solution u{t, x) has a version that is 62 -Holder continuous in t on any compact set 
of [ 0 , cxo) X with 62 < 02/2. 


Remark 4.12. The above theorem coincides with Theorem 4-9 in when C = |A and W 
is a general Gaussian noise. Now we consider the case when C = —(—with a G (0,2], 
- 0(0 = and-f{x) = |x|-^,/3 G { 0 ,d) or^(x) = [ 1^=1 G ( 0 , 1 ),j = l,...,d. 

Note that the Fourier transform is \ ^^ 11^=1 '^P ® multiplicative constant. 

We also denote fi = Then condition (I4.15p is eguivalent to ai < ^ [a(l — fio) — fi] 

and condition (ll.lOh is eguivalent to 02 < (1 — fio) — Assuming conditions (ll.lSh and 
(14.1 op . Theorem \4.11\ coincides with the results obtained in and i.e., on any compact 
set of [0, cxd) X R'^, the solution u{t,x) has a version that is 9i-Hdlder continuous in x with 
9i G (0,1 [a(l — /So) — /Sj) and 92 -Hdlder continuous in t with 92 G (0, | [(1 — fio) — £] . 


Proof. Recall that Vt^x = Jq f^dd{Xf_,. — y)W{ds,dy). Noting that |e“ —e^| < (e“ + e^)|a —6|, 
we have for any p > 0 


E^[|E^ [exp(R,,,) - exp(K,,)]|'’] < CE^ [(E^ [exp(2R,,,,) + exp(2K,,)])^/' (E^ - WJ^]) 

< CE [exp{pW,x) + exp(pK,,)] (E^ [(E^ “ Vs,y\"]Y]Y^" ■ 

By Theorem 13.31 E [expippVt^x) + exp(pV)^y)] < 00 . On the other hand, 

(E^ [(E^ < (e^ , 

where the hrst inequality follows from Minkowski’s inequality and the second one holds 
because of the equivalence between the L^-norm and L^-norm of Gaussian random variables. 

For the spatial estimate, by Hypothesis (SI), 

pt pt 

' \r-s\-V[j{Xr-Xs)--f{Xr-Xs + x-y))]drds 


|21 \P /2 


K^¥.^[\Vt,x-Vt,yf] = 2 



0 Jo 


= 2 
Therefore 



— _Q|-/^0p-k-s|’I'(S) _ p-ipG-y) 


0 JO 


T^dffidrds < C\x — y\ 


2 ai 


E’^[|E^ [exp{Vt,x) - exp(V),j,)]|^] < Cp\x - 1 / 1 “^^, 
and the Holder continuity of u{t,x) in space follows from Komogorov’s continuity criterion. 
Now assume that 0 < s < f < T, then 
n{Vt,x - w,xY] 

{ 6 o{Xf_,-z)- 6 o{Xf_,-z))W{dr,dz)+ [ [ do{Xf_, - z)W{dr,dx) 


=E 



<2{A + B), 
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where 


A = E 



0 Jud, 


{6o{Xl^ -z)- 6o{X^_, - z)) W{dr, dz) 


and 


5 = E 

For the first term A, by Hypothesis (Tl), we have 


t n 2 ' 

5q{X^_,- z)W{dr, dx) 



H = E 
< 2 



L-'o JO 


ki — S 2 I [y{Xt-si — Xt_s^) + — Xs_s^) — 2'-^{Xt_s^ — Xs_s^)^^dslds2 



Si - S 2 


-/3o 


exp (^ - |si - S2|^'(0) - exp (^ - \t - s - Si + S2|^'(0) 


fi{d^)dsids2 


'0 ^0 J R6(i 

< C\t-s\^\ 

For the term B, we have 

n t pt — S pt—S 

I Si - S2r^“E7(Xsi - Xs^)dsids2 = / |si - S2r^“E7(Xsi - Xs^)dsids2 

Jo Jo 

rt—s pt—s 

|si - S2r^“ exp (-|si - S2|tI/(0) dsids 2 p{di). 

'0 Jo 



By Lemma 13171 we have that for {t — s) in a bonnded domain, there exists a constant C snch 
that 

/ t—S pt — s 2 

|si - S2r^° exp (-|si - S2|d^(0) dsids 2 < C{t - 
Hence B < C{t — s), and 

E'^ilE^ [exp(Hi,,) - exp(K,,)]!'’] < C (E[(Hi,, - + Bf/^ < C{t - 

The Holder continuity in time is obtained by Kolmogorov’s criterion. ■ 


5 Skorohod equation 


In this section, we consider (II.Ij) in the Skorohod sense, i.e., we consider the following SPDE, 

d%i 

— = Cu + uoW, f > 0,a; e M'’* 

H 

u{0,x) = Uo{x), xeW^, 
where the symbol o means the Wick product. 


(5.1) 
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5.1 Existence and uniqueness of the mild solution 


In this subsection, we will obtain the existence and uniqueness of the mild solution to (15.Ij) 
under the following assumption. 

Hypothesis (II). The spectral measure p satisfies 

I - < oo. 


Remark 5.1. When C = —(—fora G (0,2] and'j{x) is 11^=1 or \x\~^, Hypoth¬ 

esis (II) is equivalent to fi < a. It is also a necessary condition for ([3T7]) to have a unique 
mild solution (f^). 

Definition 5.2. An adapted random field u = {u{t,x)fi > 0,a; G is a mild solution to 
([5]J]) with initial condition uq G if for all t > 0 and x G E,[u‘^(t,x)] < oo, and 

the following integral equation holds 


u{t,x) = QtUo{x) + 



qt-s{x - y)u{s,y)W{ds,dy), 


(5.2) 


where the stochastic integral is in the Skorohod sense. 

Suppose that u = {u(t,x),t > 0,x G is a solution to fl5.2p . then for hxed (t,x), the 
square integrable random variable u{t,x) can be expressed uniquely as the Wiener chaos 
expansion, 

CO 

U{t, = X] dn{fn{-, t, X)), (5.3) 

n=0 

where fn{-,t,x) is symmetric in "H®”. On the other hand, if we apply fl5.2p repeatedly, as in 
[251125] . we can find explicit representations for /„ with n > 1 

fn{Si,Xi,...,Sn, Xn, t, x) {x ^^(n)) ' ' ' 5 so-(2)~S(t(i) (^o'(2) )Qsct(i)^o(^(t(1 ))• 


Here a denotes the permutation of {1, 2,..., n} such that 0 < So-(i) < • • • < So-(n) < t. Note 
that foit,x) = QtUo{x). 

Therefore, to obtain the existence and uniqueness of the solution to (15.2p . it suffices to 
prove 

OO 

< CO, V (f, x) G [0, T] X (5.4) 

71=0 


Theorem 5.3. Let the measure p satisfy Hypothesis (H). Then (5.f) holds, and consequently, 
u{t,x) given by 15.51) is the unique mild solution to 15.11) . 
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Proof. As uq is a bounded and continuous function, without loss of generality, we assume 
that Uq{x) = 1. Now we have 




=n\ 


/ / hn{s,y,t,x)hn{r,z,t,x)W\sj-rj\ Zj)dydzdsdr, 

'[0,4]2" 


where 

hn(si, • • • ) Sni Xi, . . . , Xn, t, x) = — (x Xc{n)) ' ' ' ?So-( 2 ) — •S(t(i) (^o'(2) ^cr(l))- (^-S) 

Then by fl2.ip and fl2.4p . 

<n\ [ [ J^hn{s,-,t,x){^)J'hnir,-,t,x){^)y{d^)Y\\sj-rj\~^°dsdr, 


p, n 

<n\ / At,a,(s)At,a,(r) TT |sj - rj\~'^°dsdr 

j=i 


<n\ 

where 

with 


A^^(s) TT |sj — Tjl ^°dsdr, (using 2ab < + b"^ and the symmetry of the integral) 

[ 0 , 4 ] 2 " ’ fJi 


A,x(s) — 


\ 1/2 

\Thn{s,-,t,x){^)\‘^y{d^)j , 


(5.6) 


Thnis, •,t,x)(0 = -re 
nl 




JJexp 

t=i 


[S(7(j+1) '5o-(j)]^(^o-(l) + ■ ■ • + ^CT{j)) ; (5.7) 


where we use the convention So-(„+i) = t. 

Note that /g/o*/(s)|s — r\~l^°dsdr < 2 f*r~^°dr lf(s)lds and let Dt = 2 f^r~^°dr. 
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Therefore, 


n\\\fn{-,t,x)\\‘^^n < D^n\ / Al^{s)ds 

\Fhn{s, ■,t,x){C)\^^i{di)ds 


=D^n\ 






n 


<Dl 


1 f 


exp 


2[S(j(j+i) '®o'(i)]^(^o-(i) T ■ ■ ■ T ^cF{j)) ^{d^')ds 




JJexp -2[sa{j+i)-Sa{j)]^{ia{j)) Kdi)ds (by Lemma USD 




hO<si<'"<s„<t] 


n 

i=i 


exp 


2 [sj+i - n{d^)ds. 


Similar as in the proof of Theorem 13.31 we can apply Proposition 13.51 with Pq = 0 for the 
last integral and then get the following estimate 

^n\ 


’^!|l/n(-,La:)||^®„ < [Aq^n] 


k=0 


-\n—k 


where and mN are given in fl3.6p with Po = 0. Hence, if we choose N snfficiently large 
such that ^DiAqS]^ < 1, then we have 

^-k 


n=0 


OQ k ^ 


n=0 k=0 

n—k 


^n!||/„(-,t,a:)||^®„ < A” [^o^tv] 


■in—A: 


k ) k\ 
1 


oo 


k\ 


1 - 2 DtA^eN kl 

k=0 


< oo. 


k=0 n=k 

Remark 5.4. Letrj^x) be a locally integrable function, then as in the result of the above 
theorem still holds if the temporal kernel \r — s|“^° is replaced by p{r — s). 

The following theorem provides the Feynman-Kac type of representations for the solution 
and the moments of the solution when the spectral measure p satishes the stronger condition 
Hypothesis (I). The proof is similar to the one in [27] and we omit it here. 

Theorem 5.5. If we assume that /i satisfy Hypothesis (I), then 

rt r ^ pt rt 


u{t, x) = E 




Mo(2srf)exp 



6 ,{Xf_^-y)W{dr,dy)-- 

z 



0 ^0 


r — s\ ^°'y(Xr — Xs)drds'^ 
(5.8) 

is the unique mild solution to 15. ip in the Skorohod sense. Consequently, for any positive 
integer p, we have 


E[u{t,xY] = E 


Y[uo{Xi + x) exp ( [ [ \r- 

j'=l \l<j<k<pd^ do 


s\-d<^-f{Xl - X^)drds 


, (5.9) 


where Xi,, Xp are p independent copies of X. 
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5.2 Feynman-Kac formula for the moments of the solution 

When the measure /i satishes Hypothesis (II) but not Hypothesis (I), the representation (15.8j) 
may be invalid since JqJq \t — — Xs)drds might be inhnite a.s. (see m for the 

case that X is a d-dimensional Brownian motion and j(x) = \xj\ e (0,1), j = 

1,... ,d). However, the Feynman-Kac formula (15.Op for the moments still holds as stated in 
the following theorem. 

Theorem 5.6. Let the measure p satisfy Hypothesis (II), then the Feynman-Kac formula 
l[5.9[) for the moments of the mild solution to 15.11) holds. 


Proof. We will adopt the approximation method used in [2^ Section 5] to prove the result. 
The proof is split into three steps for easier reading. 

Step 1. Consider the approximation of (15.ip . 


K’^{t, x) = CK’^{t, x) -1- x) o IF^’^(t, x), 

M^’^(0, x) = uo(x). 

Recall that W^’^(t,x) is dehned in (14.81) . If u^’^{t,x) e D^’^, then by (12.111) 


(5.10) 


K'^{t, x) o x) = 



gs{t - s)pe{x - y)K’\t, x)W{ds, dy). 


Therefore, the mild solution to (I5.10p is, as dehned in [25], an adapted random held x),t > 

0,x G which is square integrable for all hxed {t,x) and satishes the following integral 
equation. 


u^'\t,x) = QtUo{x) + 
= QtUo{x) 

Denote 




0 JM.d, \Jo 


0 JM.<i 



qt-s{x - y)K’\s, y) o IF^’^(s, y)dsdy 
qt-s{x - y)gs{s - r)pe{y - z)K’\s, y)dsdy ) W(dr, dz). 


z)= / qt-s{x - y)g&{s - r)pe{y - z)K'\s, y)dsdy. 


Thus to show that an adapted and square integrable process {K'^{t,x),t > 0,x G M'^} is a 
mild solution to (I5.10p . it is equivalent to show K’^{t,x) = QtUo{x) -|- Therefore by 

the dehnition of the divergence operator 6 , it is equivalent to show that for any F G 
with mean zero, 

ElFu‘’‘(t,x)] = El{Zt:‘,DF}n]. (5.11) 

Let 

«„(Jfnexp (w(<l.'-‘) - i||<l>^:'||Dl , (5.12) 


U^'%t,x) = E 
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where is given by fl4.ip . Using a similar argument based on the technique of S'-transform 
as in the proof of |25l Proposition 5.2], we can show that u^’^{t,x) given by (I5.12p satishes 
(15.lip , and hence it is a mild solution to (l5.1Up . 

Step 2. In this step, we will show that 


limEfP'yf.x))”] =E 

£,o4..(J 


JJmoW+ a;)exp ( f [ 

J=1 >^0 


\r - - X^)drds 


(5.13) 


Recall that uq is a bounded and continuous function, and without loss of generality we 
assume Uo(x) = 1 for a simpler exposition. Denote 


y) ■= I gsit -s- r)pe{Xl +x- y)ds ■ /[o,t](r), j = 1 ,... ,p. 


The p-nioment of u^’^{t,x) is 


E [(«'■*((,i))'] = E»'E* P[exp (H'(«>'’y) - i||<l>t«||| 


E"' exp I i|| ^ -1-J2 llth 


J ||2 
H 


j=i i=i 

As in the proof of Theorem 14.11 we can show that 


E-''exp( 

\l<i<j<p 


n 


4h‘)« 


(p.K)texp(-i5.(Xi-Jf‘)) 


{^TtY 7(0,t]4 jRd 

gsit - Si - ri)gsit - S2 - r2)\ri - r2\~^°p{d^)dridr2dsids2, 


and that converges to ^j 2 |si — S 2 I ^°'y{Xi^ — X^Y)dsids 2 in as (e, d) tends 

to zero. Now to prove the equality fl5.13p . it suffices to show that for any A > 0, 


sup E 

£,< 5>0 


exp(A(4>?:f’^4>?:f)^ 


< 00 . 


(5.14) 


By (12.3p and (14.4p . there exists a positive constant C depending on /Sq only such that 

(Kht <C [ [ ■ {X'’ - x‘))|r - 

Hence to obtain (I5.14p . it is sufficient to prove that for any A > 0, 


supE 

£>0 


exp ( A / / {pe{^)Y exp{-i^ ■ {Xr - A:s))|r - s| ^°p{d^)drds 


< 00 , (5.15) 
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where X is an independent copy of X. For the n-th moment of the exponent, similar to the 
proof of Theorem 14.61 we have that for any £ > 0, 


E 


'[0,4] 2 jRd. 


{peiOf exp{-i^ ■ {Xr - Xs))|r - s| ^°fi{d^)drds 


< 


« « 72 n n 

/ / n ~ sj\-^°n{d^)drds 

J[0,4]2- 

p p ^ ^ 

/ / Eexp{-t^^j ■ {Xr^ - Xsj))T\\rj - Sj\~'^°p{d^)drds 

J[0,4]2" jR"<i 


=E 


t ft 



0 ^0 


— s| ^°'y{Xr — Xs)drds^ 


Now to prove fl5.14p . it is sufficient to prove that for any A > 0, 

ft rt 

exp ( A 


E 



0 ^0 


r — s| ^°'j{Xr — Xs)drds^ 


< oo. 


(5.16) 


Note that 

rt rt 


E 


A 



0 JO 


r — s| ^°'y{Xr — Xs)drds\ 


= X 




Tj — Sj I ^°E 


l[j{Xr^-X, 


. 1=1 


drds 


= A"(n!)2 


' [ 0 ,t] 2 " 


hn{s,y,t,0)hnir,z,t,0)Yl\sj - rj] 7 ( 2/1 - Zj)dydzdrds, 

1=1 1=1 


where hn is given by (15.5p . and the last equality is obtained by using the independent 
increment property of X. Then (I5.16P can be obtained as in the proof of Theorem 15.31 

Step 3. As in the proof of Theorem 14. 6 1 we can show that sup^ , 5^0 s'^P 4 e[o,T],xGR‘^ E[|m^’^(/:, x) |^] < 
00 , x) converges to a limit denoted by «(/:, x) in for any p > 0 as (e, 5) goes to zero, 

and moreover, u{t,x) satishes the formula (15.9p . Therefore, by the uniqueness of the mild 
solution to (15.ip . to conclude the proof, we only need to show that u{t,x) is a mild solution 
to (15.ip . i.e., 

E[Fu{t,x)] =E[{Zfx,DF)y], (5.17) 

for any F G with E[F] = 0, where z) = qt-r{x — z)u{r, z). 

In a way similar to the proof of Theorem 14.11 we can prove that limg Mo'^[\\^t’x-^t,x\\ hI ~ 

0. Then we can show the equality (I5.17P by letting [e, 6) in (15.lip go to zero, noting that 
F e and linie^^ioai) = u{t,x) in L^. ■ 

Remark 5.7. In the second step of the proof, actually we proved that under Hypothesis (II), 

\5.1d) holds, i.e., for any A > 0 


E 


exp 





Xs)drds I 


< cxo. 
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5.3 Holder continuity 


Hypothesis (S2). The spectral measure fi satisfies that for all a G there exist oi G (0,1] 
and C* > 0 such that 

sup [ [ (1 - 

zgR'* Jo Jr^. 


Hypothesis (T2). The spectral measure /i satisfies, for some 02 ^ (0,1), 


1 + ^(0 


p{d^) < 00 . 


Remark 5.8. Similar to the Stratonovich case, we have the following sufficient condition 
for Hypothesis (S2) to hold: 


sup 

zeK*^ 


1 + ^(^ + z) 


fi{d^) < 00 . 


(5.18) 


Furthermore, if p{fi) '■= *■5 0 , Levy characteristic exponent (which is equivalent 

to say that —p{f,) is continuous, conditionally positive definite and r]{0) = 0 , see, e.g., 
Theorem 1.2.17]; a special case in which is the characteristic exponent of a symmetric 
stable process is that = |^|" with a > 2ai), then condition /( 5 . i^l) is equivalent to 


lel 


2 oi 


1 + ^(0 


p{df,) < 00 . 


(5.19) 


Clearly L5.1S(i implies L5.19[} . Now we show that the inverse is true. Let M be a positive 
number such that ri{^) > 1 for all |^| > M. Noting that sup^g^d /u([|^ + z\ < M]) < 00 by 
Lemma \2.3[ 


l + ^(^ + ^) J[\^+z\<M] ^ ^+ N J[\^+z\>M]^ + ^{^ + H 

<M2“i sup p([|^ + z\<M])+2 [ ^ 

zGR'^ Jr‘^ 1 



=C + 2 
=C + 2 



R'i Jo 


<C+ 2 



R'* Jo 


e *e ^^^^^dtp{df,) fLemma \Kl\) 


1 + ^(0 


L{di) F dD + 2 


lei 


2 ai 


1 + ^(0 


m(J 0 , 


where D is another constant that may be different from C. 

Similarly, Hypothesis (T2) actually implies and hence is equivalent to the condition 


sup 

zSR'* 


1 + ^(^ + z) 


fi{d^) < 00 . 


(5.20) 
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Indeed, for all z G W^, 


1 + + 
r 1 


/i(ciO < 


1 — 0:2 


< 


r(i - 02) Jo 

1 r 

r(i - 02) Jo 

l—a2 


1 + ^(^ + z) 

/i(rfe) 


Kdf) 


t “^e jj{d^) (Lemmalf.^ 


1 + ^(0 


Kdf), 


where the first equality follows from the formula c “ = ^dt for c > 0 and 


a G (0,1). Finally Hypothesis (T2) implies ^5.2CJ} because of the following equivalence 


1 + ^(0 


fi{df) < 00 


1 + ^(0 


1 — 02 


fi{d^) < 00 


which is due to the facts lim|^|^oo ^(0 = cxd and yi{A) < 00 for hounded A G 

Theorem 5.9. Let Uo(x) = 1 and u{t,x) be the unique mild solution to H5.1\} . If p satisfies 
Hypothesis (S2), then u{t, x) has a version that is 61 -Holder continuous in x with 61 < Oi on 
any compact set of [0, 00 ) x Similarly, if p satisfies Hypothesis (T2), the solution u(t,x) 
has a version that is 62 -Hdlder continuous in t with 62 < [02 A (1 — /9o)]/2 on any compact 
set of [0, cxo) X 


Remark 5.10. As in Remark 4-12. we apply the above result to the case when C = — (—A)“/^ 


with a G (0, 2], and 'y{x) = \x\~^, fi G (0, d) or 7 (x) = llj^i ^ (0) 1)) J = 1) • • •) d. 

Since condition (I5.19j) is equivalent to ai < — fi) and Hyperthesis (T2) is equivalent to 

Q !2 < 1 — if we assume condition fl5.19p and Hypothesis (T2), the solution u{t,x) has a 
version that is 9i-Hdlder continuous in x with d\ G (0, |(a — fi)) and 92 -Hdlder continuous 
in t with 92 G (0, |(1 — ^) A (1 — fio)); on any compact set of [0, 00 ) x 

Proof Let u(t, x) = 1 + YJJJi dn{hn{-, t, x)) and u(s, y) = 1 + dn(hn(-, s, y)), where hn 
is given by (15.5p . Then for p > 2, 


00 

\u{t,x) - u{s,y)\\LP < ^ \\Inihn{-,t,x)) - 4(h„(-, S, |/))||lp 

n=l 

00 

- ^(p~ ^T^‘^\\In{hn{-A,x)) - In{hn{-,S,y))\\L2 
n=l 
00 

= lT^^'/rd.\\hn{-,t,x) - h„(-,s,|/)||^®n, (5.21) 

n=l 
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where the last inequality holds due to the equivalence of LF norms for p > 1 on any Wiener 
chaos space ]HI„ f |341 Theorem 1.4.1]), and the last equality follows from fl2.14p . 

Step 1. First, we study the spatial continuity. Suppose that s = t, similar as in the 
proof of Theorem 15.31 we have 


n\\\hn{-,t,x) - h„(-,f,2/)||^®n 

Ti\ (II h^(', t, x') II-^071 T II h^(^- y ty'y') 11-^077 ‘2{hn{' y t, x), hn{' y Sy |/))>^®7i^ 


-/ f 


[1 - JJexp 

i=i 


[W(j + 1 ) ^o-(j)]^(^(T(l) + • • • + ^r7{j)) 


JJexp 

i=i 




i=i 


^°drds 


where a and 7 ] are permutations of the set { 1 , 2 ,..., n} such that ro-(i) < ro-( 2 ) < • • • < ra{n) 
and Sr)[i) < Sri( 2 ) < • • • < Srjin)- Denote 


AHr) = 


[1 




■+^r 


JJexp 

i=i 


^[^crO'+l) ^o'0)]^('bcr(l) + • • • + ^cr{j)) 


Recall the notations Dt = 2 s ^°ds and D" = |(si,..., Sn) G [0, cxo)”' : ^ 


have 


We 


n!||hn(-,f,a:) - h„(-,t,|/)||^ 8 „ < A‘^{r)T[\sj - Vj] ^°dsdr < [ A^{r)dr 

2[o,t]2" n. J[o,t]^ 


= 2 c;> 


[1 


„-i(x-j/)-(Ci+---+57 


=2D 


' [0<ri<r2<---<rn<t] J 

-hS- 


JJexp 

i=i 


< 2 D^ sup 

zSR'* Jo Jm.‘^ 

X 


[l-« 



2[rj+i - rj]T(^i + • • • + Q^f7{d^)dr 
2sj\l/(^i + • • • + ^j) iJ,{d^)ds 
[l - exp[-2s„T(2; + 


JJ^exp 

i=i 


n—1 




exp [- 2 sjT(^i H-h 0 )] Kd^i) ■ ■ ■ p(d^n-i)dsi... dsn-i 


n—1 






JJ^exp [—2sj'^{^j)] iJ,{d^)ds. (By Hypothesis (S2)) 


i=i 


Applying Lemma fl3.5p . we have 


\/nJ.\\hni-ytyX) 


~ hn{', ty y)||'H®" ^ 1 ^^ 



[Ao^Af] 
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As in the proof of Theorem 15.31 we can choose N large enough, such that 

oo n 


[^O^TV]” ^ < OO, 

71=1 k=0 V ^ 

and hence there exists a constant C such that 

\\u{t,x) - u{t,y)\\LP < C\x - y\°‘\ 

which implies the spatial Holder continuity of u{t,x). 

Step 2. Now we consider the Holder continuity in time, assuming that 0 < s < f < T 
and X = y. Then for the estimation on the n-th chaos space, we have 

n\\\hn{-,t,x) - 

n\ ^11 (•, f, x) IIT II hni^' 1 s, x) ||2 i x')^ hni^'y s, x) ) 


=n\ 


/ / j^hn{Uy -yty X){^)j^hn{Vy -yty X){^)y{d^)T]\Uj — Vj\ CiV CLU 

+ / J^hn{u,-,s,x){^)TK{v,-,s,x){^)fi{d^)T]\uj-Vj\~^°dvdu 

7 [ 0 , s ] 2 ’i jR^d, 


J'hniu, ■,t,x){^)J'hn{v, •,s,x)(0/i(d0 n \uj — Vj I ^°dvdu 

i=i 


"vrn oiTi j'U'n.d 


'[o,t]"x[o,s; 


Therefore 

where 


n!||h„(-,f,x) - h„(-,s,x)||^»„ < n!(T>„ + T>^), (5.22) 


Dn = 


/ / J'hn{Uy-,tyX){^)J^hn{v,-,t,x){^)y{d^)T\\uj-Vj\ ^°dvdu 

- / J^hn{u,-,t,x){^)Thn{v,-,s,x){^)fi{d^) n \uj — Vj\ ^°dvdu, 

[0,t]'"x[0,s]" ^R"‘* 


and 


Dn = 


71 y [n qI" ./H"d 


'[0,l]"x[0,s 


J^hn{u, •, t, x){^)Thn{v, •, t, x)(0/i(d0 n \uj — Vj\ ^°dvdu 


i=i 


/ / Thn{Uy-,t,x){^)J^hn{Vy-ySyX){^)y{d^)Y]\uj — Vj\ ^°dvdu. 

'[ 0 , s ] 27 i jR^d 


We will just estimate Dn, and D'^ will share the same upper bound of Dn- 
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Clearly, Dn = An + Bn where 


An — 




and 


Bhniu, ■,t,x){^)J'hniv, •,t,a;)(0/i(d0 JJ 

i=i 


~^°dvdu 

(5.23) 



Bhn{u, •,t,x)(Oh(c ?0 n \uj — Vj\ ^°dvdu. (5-24) 

i=i 


To get an estimation for the right-hand side of fl5.22p . we will separate the rest of the proof 
into three parts for easier reading. 

Step 2(a). In this part, we will estimate An given in fl5.23p . Note that [0,t]"^ = 
Ufc,e{o,i}4i X Ik 2 X ■■■ X hn with h = [0, s] and h = [s,t]. Hence [0, f]”\[0, s]" is the 
union of 2"^ — 1 disjoint interval products, each of which contains at least one [s,t]- Denote 
Enj the product of n intervals, all of which are [0,f] except that the j-th interval is [s,t]- 
Therefore, for the term An, we have 


An <2^ sup / 

<2^ sup [ 

j=l,...,n J[0,t]’^xE„j 


Ehn{u, •, t, x){^)Ehniv, •, t, x)(0/i(d0 n \uj — Vj I ^°dvdu 


i=i 


(A%(w) + n - '>^j\ ^°dvdu 


(5.25) 


i=i 


with Ht 3 ;(M) given in fl5.6p . Denoting Dt = 2 |s| ^°ds, for positive function /, we have the 

following estimates 


t rt 



0 JO 


t nt 



f{u)\u — v\ ^°dvdu<Dt / f{u)du, 


2^0 


0 Js 


f{u)\u — v\ ^°dvdu< - —{t — sY / f{u)du, 

1 - Po Jo 


and 


t rt 



f{v)\u — v\ ^°dvdu<Dt / f{v)dv. 


0 Js 


Applying those estimates, we get 


<- 


/ -'^il ^°dvdu 

'[0,t\'^XEn,j 
2^0 


^ — Yo 


{t-sY-^°D 


1—00 1 


'[0,4]" 


A^Yu)du + D]; / A^Yv)dv. 


(5.26) 
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Note that Hypothesis (T2) implies 


/ < OO) (5-27) 

and hence there exists C > 0 depending on the measure p and a 2 such that for all x > 0 

[ < C {1 + 

JRd 

by Lemma I3.9I On the other hand, by Lemma I3.101 we have 

/* p n 

/ “ VjY^-^)ii{dCjdv 

Jr-'' 

(5.28) 


[0<Dl<D2<---<'l'n<t] 


< ^ ^ ^^=1 r(H(a2 1) + 1) ri(a2-l)+n_ 


rg{0,l}' 


r(ELiT-i(a 2 - 1 ) + n + 1 ) 


Combining (I5.27p and (I5.28j) and using the approach in Remark 13.61 we have for f G [0,T] 
with T > 1, 


Cr. 




Al,{u)du <^Y1 


n 


^m{a2 — l)+n 


< 


( 20 ) 


n n~^n 


n\ ymy r(m («2 — 1 ) + n + 1 ) n\ r(na 2 + 1 ) 


(5.29) 


Similarly, for all j G {1, 2,..., n} and 0 < s < f < T with T > 1, we have 


AtJv)dv < 


(n\y J[o,t]'i-ix[s,t] Jr"‘* 


JJexp (- 2 (n^(j+i) - na(i))^/'(^^(j))) f^id^dv 


< 


cr 


{n\y 


n (1 + iMj+i) - Vaij)T^ dv 


< 


cr 


[n\ 

cn 

n\ 


112 


'[0,4] — 

/ ~ f ) n (^ +- Mt) )“'■') dv 

[ - [ ) n (^ + (^i +1 “ dv 

'[0<tll<'"<i;n<4] j [0<Vl<---<Vn<s]’^ / 


cr 


n;=ir(H(a2-i) + i) 

! ^g^j„r(E;=iH(a2-l)+n+l) 


E 


(t 


T,]=l'rjia2-l)+n _ 'rj{a2-l)+n 


1 c^ 

< - -nT^{t - s)"L 


n!r(na 2 + l)"‘ '' 

The last inequality holds because -oOz-L+n _ ^Ej^i "oOz-il+n ^ nT'^{t — s)"^ for all n 
and r. Combining the above fl5.29p and fl5.30p with fl5.25p and fl5.26p . we have 


1 O” 

- n\ nna,+ l) ' 


(5.31) 
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where C depends on the measnre fi, T,/3o and a 2 - 

Step 2(b). The term Bn given in fl5.24p will be estimated in this part. 

If f 


Bn < 


(^ 0 ^ J[0,t]^x[0,s]^ 




n—1 


<2{t — s 


\uj — Vj\ ^°dvdu 

i=i i=i 

1 f 


02 


/ / (T(^iH-h^n))"^]^e (^-0+1) ^<^o))^(«-^(i)+-+«<^(n) 


Y^e Ko+i) N0))®(«')(i)+-+«^0))^((i^) _ y^.| P°dvdu, 

i=i i=i 

where Vn+i = s, Un+i = t and a and rj are permntations such that 0 < v„(i) < ■ ■ ■ < v^(^n) < t 
and 0 < Un{i) < ■ ■ ■ < Urf(n) < t, and in the last step we used the inequality \e~^ — e~^\ < 
\e~^ + e~y\\x — |/|" < 2\x — |/|“ for x,y > 0 and a G (0,1]. 


Let 


= 


P n 


and 


we have 


Aliv) = 


P n 

/ ( 4 'Ki + --'+ 5 jrn 


g 2(tIo-y + l) J^<T(j))'Ii'(C(T(l)H . 


'm- 


Af{u)du 


J[0<Ul<-<Un<t] 

<n!sup [' [ + 

n—1 


zeR"* -'0 


X 


p It — ± 

l<f] JR(’^-I)'i . . 


'[0<ttl<---<tl„_l<f] ./ JTL'- j = l 

« n—1 


<n\C / / 

^n.+lyn 

<n! 


r(?7,a2 + 1 ) ’ 
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where the last second step follows from Lemma IXTl Hypothesis (T2), Remark 15.81 and Lemma 
14.91 and the last step follows by a similar argnment for (15.291) . Now we have the estimation 
for Bn, 


Bn<{t- S] 


0^2 


/ {A^t{u) + Al{v))Y[\uj-Vj\ ^°dvdu 


< 2{t - s] 


02 


(n\ 


_ 




A^{u)du 


1 ^n-\-lrpn 

< 2{t - s)“2—D"- 


n! * V{na 2 + 1 ) 


(5.32) 


Step 2(c). Therefore, combining fl5.3ip and fl5.32p . we have that there exists a constant 
C depending on the measnre /r, T, a 2 and /Sq snch that 


~ An+Bn < c(t 


\ [o2A(1— /3o)]/2 


(5.33) 


71=1 


71=1 


Note that we can get estimation for D'n analogons to fl5.33p . by an argnment similar as 
the above for Dn- Finally, by fl5.2ip . fl5.22p and fl5.33p . we have 

CX) 

\\u{t,x) -u{s,x)\\lp < l)^/^\/^||h„(-,f,a:) - h„(-, s, i/)||^®u 

71=1 

OO 

< - iT^^y/^-VDn + D'n < C{t - 5)[“2A(1-/3o)]/2_ 

71=1 

The Holder continuity in time now is concluded by the Kolmogorov’s criterion. ■ 
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